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Summary

This is joint work with Tsuyoshi Kato (Kyoto University).

I shall try to explain . . .

▶ The construction of a complex Lie algebra lgd(X ) from a
proper, discrete metric space X . It is related to the group of
locally generated automorphisms studied by Kapustin et al.

▶ The computation of the Lie algebra homology of lgd(X )
(with scalar coefficients) for X = Zn. It is similar in many
ways to the computation of K∗(C∗(X )).

What is it good for? I don’t know. But if the homology of lgd(X )
is good for something, then we could probably say a lot more
about it, borrowing from what we’ve learned about K∗(C∗(X )).
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Locally generated automorphisms the CAR algebra

An informal introduction to LGA(X ):

▶ X = proper metric space, such as Zn.
▶ Ax a full matrix algebra (x ∈ X )
▶ For F ⊆ X finite, A(F ) = ⊗x∈F Ax (another matrix algebra)
▶ A(X ) = lim−→A(F )

Roughly speaking, the locally generated automorphisms of
A(X ) are those αt along any path starting at the identity, with

d
dt
αt = αt ◦ δt

and

∃R > 0 ∃Hx ,t ∈ A(B(x ,R)) : δt(T ) =
∑
x∈X

[Hx ,t ,T ]

▶ For a reasonable definition, the group LGA(X ) should act
as automorphisms of the Lie algebra of derivations δt .



3

Locally generated automorphisms the CAR algebra

An informal introduction to LGA(X ):

▶ X = proper metric space, such as Zn.
▶ Ax a full matrix algebra (x ∈ X )
▶ For F ⊆ X finite, A(F ) = ⊗x∈F Ax (another matrix algebra)
▶ A(X ) = lim−→A(F )

Roughly speaking, the locally generated automorphisms of
A(X ) are those αt along any path starting at the identity, with

d
dt
αt = αt ◦ δt

and

∃R > 0 ∃Hx ,t ∈ A(B(x ,R)) : δt(T ) =
∑
x∈X

[Hx ,t ,T ]

▶ For a reasonable definition, the group LGA(X ) should act
as automorphisms of the Lie algebra of derivations δt .



4

Invertible states

Before I proceed to my main topic . . .

The group LGA(X ) has an interesting and useful role to play in
mathematical physics (I’m told). But it also interesting from a
purely mathematical point of view (compare Yosuke’s talk).

Definition (Due to Kitaev in its proper, complete form)
A state σ of (the C∗-algebraic version of) A(X ) is invertible if
there is another state τ such that σ ⊗ τ is equivalent to a tensor
product state . . . via an automorphism in LGA(X ).

This calls to mind the theory of Brown, Douglas and Fillmore,
which classifies invertible representations of a C∗-algebra in the
Calkin algebra. But invertibility in BDF theory is defined
additively, not multiplicatively.

Famously, in BDF theory, the classification reduces to
K -homology theory . . .
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Two disclaimers, before beginning

▶ From now on I shall work purely algebraically. So, for
instance, the direct limit

A(X ) = lim−→A(F ) (limit over the finite subsets of X )

will be purely algebraic. So my A(X ) is not a C∗-algebra.
Sorry.

▶ I shall also work stably. The matrix algebras Ax will be of
indeterminate size, which means I shall work with a
second algebraic direct limit . . .

Technically, it is convenient to use point-matrix algebras of
the form

Ax = M2(C)⊗ · · · ⊗ M2(C).
Denote by α(x) the number of factors above, and write
Aα(X ) for the first algebraic direct limit. Then define

A(X ) = lim−→
α

Aα(X ).
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The Lie algebra of locally generated derivations

▶ Given α : X → N and R > 0, define

lgdα,R(X ) ⊆ Der(Aα(X ))

to be the linear space of all

δ(T ) =
∑
x∈X

[Hx ,T ]

with Hx ∈ A(B(x ,R)), for all x ∈ X . The sum above is
actually finite, for any given T ∈ Aα(X ).

▶ [lgdα,R(X ), lgdα,S(X )] ⊆ lgdα,R+2S(X )

▶ Define lgdα(X ) =
⋃

R lgdα,R(X ), a Lie algebra, and

lgd(X ) = lim−→
α

lgd(α(X ), lgd(X ) ⊆ Der(A(X ))
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Lie algebra homology
▶ Let g be a complex Lie algebra and let M be a g-module.
▶ The homology groups Hp(g,M) are the left-derived

functors of the coinvariants functor M 7→ Mg

▶ They may be computed using a projective resolution of the
scalar module C,

0 Coo V0(g)oo V1(g)
boo · · ·boo

where Vp(g) = U(g)⊗ Λp(g) (definition of b omitted, but
see below).

▶ When M=C, they are the homology groups of the
Chevalley-Eilenberg complex

Λ0(g) Λ1(g)
boo Λ2(g)

boo · · ·boo

with

b : X1 ∧ · · · ∧ Xp 7→
∑
i<j

(−1)i+j [Xi ,Xj ] ∧ X1 ∧ · · · ∧ Xp︸ ︷︷ ︸
remove Xi and Xj

.
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The Loday-Quillen theorem

I want to study the homology of lgd(X ) with coefficients in C.
But to provide context, I shall discuss something else, first . . .

For any Lie algebra g one may define

∆: g → g× g, ∆(X ) = (X ,X ),

which gives

∆: H∗(g,C) −→ H∗(g,C)⊗ H∗(g,C).

This makes H∗(g,C) into a (connected, graded) coalgebra

Definition
An element c ∈ Hp(g,C) is primitive if ∆c = c ⊗ 1 + 1 ⊗ c.

Theorem (Loday and Quillen)
If A is any associative algebra over C, then

Prim
(
Hp(gl∞(A),C)

) ∼= HCp+1(A).
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Hopf algebra structure and the Milnor-Moore theorem

The obvious bijections N
∼=→ 2N and N

∼=→ 2N+1 give rise to

gl∞(A)× gl∞(A) −→ gl∞(A).

This is associative and commutative at the level of homology,
and it makes H∗(gl∞(A),C) a connected, graded, commutative
and cocommutative Hopf algebra.

Theorem (Milnor and Moore)
Every graded connected, commutative and cocommutative
Hopf algebra is freely generated as a graded commutative
algebra by its primitive elements.

Corollary (This is for later)
If H∗ is a graded, connected, commutative and cocommutative
Hopf algebra, then the natural map is an isomorphism

Prim(H∗)
∼=−→ Indecomp(H∗)
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On the early days of coarse Baum-Connes

▶ Before there was a Baum-Connes conjecture John Roe,
Guoliang Yu and I developed tools to compute the
K -theory of the C∗-algebra C∗(X ) for say X=Zn.

▶ We constructed a Mayer-Vietoris sequence for ω-excisive
decompositions W = X ∪ Z of coarse spaces

∀R > 0 ∃S > 0 : Pen(X ,R) ∩ Pen(Z ,R) ⊆ Pen(X ∩ Z ,S)

▶ And we proved a vanishing theorem in K -theory for
products X × [0,∞). More on this later.

▶ With this, and just a bit more, we constructed a homology
theory from K∗(C∗(X )) . . . in effect, we found instances
where the coarse Baum-Connes assembly map is provably
an isomorphism.
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Interlude (a moral tale)

Operator K -theory for coarse C∗-algebras has well-known
applications to Novikov’s conjecture about higher signatures
(because signatures in operator K -theory are automatically
homotopy invariant).

Shmuel Weinberger explained an approach to proving
Novikov’s theorem on the topological invariance of rational
Pontrjagin classes . . .

. . . but the method runs into difficulties over subtleties related to
operator norms.

One response, developed by Pedersen, Roe and Weinberger, is
to exploit a parallel and purely algebraic version of K∗(C∗(X )).

The latter seems to be much in the spirit of H∗(lgd(X ),C). So
maybe H∗(lgd(X ),C) is useful for something!
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Excision isomorphism at the Lie algebra level

Back to reality, and our Lie algebra lgd(X ) . . .

Definition
Suppose Y ⊆ X . We define

lgd(X ,Y ) ◁ lgd(X )

to be the Lie algebra ideal consisting of all

δ(T ) =
∑
y∈Y

[Hy ,T ]

The following lemma mirrors what happens for C∗(X ) . . .

Lemma
If W = X ∪ Z is ω-excisive, then inclusion induces

lgd(X )/lgd(X ,X ∩ Z )
∼=−→ lgd(W )/lgd(W ,Z ).



13

The case of a single point

▶ lgd(pt) = lim−→ sl2k (C).

▶ Chevalley and Eilenberg proved that if G is a compact Lie
group, then

Hp(gC,C) ∼= [Λpg]G.

So computing homology reduces to invariant theory.

▶ Dykin and Kostant gave formulas for the primitive
generators of (co)homology for, among other cases,
slN(C); in cohomology they are

X1 ∧ · · · ∧ Xp 7−→
∑
σ

(−1)σ Tr(Xσ(1) · · ·Xσ(p))

for p odd and p > 1.

▶ So Hp(lgd(pt),C) = 0 for p even, or p=1, and
Hp(lgd(pt),C) = C for p odd, p>1.
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Homology for a lattice in n-space

Here is our main result:

Theorem
Let n ≥ 0. For every k ≥ 0 there are suspension isomorphisms

Prim
(
Hp+k (lgd(Zn+k ),C)

) ∼=−→ Prim
(
Hp(lgd(Zn),C)

)
for all p.

Corollary
The spaces Prim(Hp(lgd(Zk ),C)) are

0 0 . . . 0 0︸ ︷︷ ︸
p=0 through p=k+2

C 0 C 0 C 0 . . .

This is similar, but not identical, to the cyclic homology of (the
algebraic version of) the coarse algebra C∗(X ).
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The Hochschild-Serre spectral sequence

The proof uses the Hochshild-Serre spectral sequence.

Let h ◁ g be a Lie algebra ideal. Using the spaces

E0
pq = [Vp(g/h)⊗ [Vq(g)]h]g/h (p ≥ 0, q ≥ 0)

(with V∗( ) the standard projective resolution mentioned earlier)
one may construct a double complex . . .

b′′

��
b′′

��
b′′

��
b′′

��
E0

0,2

b′′

��

E0
1,2b′

oo

b′′

��

E0
2,2b′

oo

b′′

��

E0
3,2b′

oo

b′′

��

b′
oo

E0
0,1

b′′

��

E0
1,1b′

oo

b′′

��

E0
2,1b′

oo

b′′

��

E0
3,1b′

oo

b′′

��

b′
oo

E0
0,0 E0

1,0b′
oo E0

2,0b′
oo E0

3,0b′
oo

b′
oo
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The Hochschild-Serre spectral sequence

There are two spectral
sequences associated with this
double complex . . .

▶ The first, with d1=b′ and d2=b′′, collapses immediately
and shows the homology of the total complex is H∗(g,C).

▶ The second, with d1=b′′ and d2 = b′, is the
Hochschild-Serre sequence, with

E2
pq = Hp(g/h,Hq(h,C)) ⇒ H∗(g,C).

▶ In our cases, this will be

E2
pq = Hp(g/h,C)⊗ Hq(h,C) ⇒ H∗(g,C).
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Hopf algebra structure on the spectral sequence

More or less as we did it the Lie algebra gl∞(A), we may equip
our Lie algebra lgd(X ) with a product morphism

lgd(X )× lgd(X ) −→ lgd(X ).

It induces a connected, graded, commutative and
cocommutative Hopf algebra structure on H∗(lgd(X ),C).

And in addition, if Y ⊆ X , the product morphism restricts to

lgd(X ,Y )× lgd(X ,Y ) −→ lgd(X ,Y )

Theorem
Each page of the Hochschild-Serre spectral sequence for
lgd(X ,Y ) ◁ lgd(X ) carries a connected, graded, commutative
and cocommutative Hopf algebra structure, and each is
compatible with the differential on that page.
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Edge terms in the spectral sequence

Assume that g and h ◁ g carry compatible product morphisms.

The differential d r on the
r ’th page of the spectral
sequence has bidegree
(−r , r−1) (the case r=2
is shown in the diagram).

It follows that the edge terms satisfy

E r+1
p,0 ⊆ E r

p,0 ⊆ · · · ⊆ Hp(g/h,C)

and
Hq(h,C) ↠ · · · ↠ E r

0,q ↠ E r+1
0,q

Theorem
Ep

p,0 = Prim(Hp(g/h,C)) and Ep
0,p−1 = Indecomp(Hq(h,C))
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Edge terms in the spectral sequence

Assume, still, that g & h carry compatible product morphisms.

Lemma
If g is acyclic, then the
differential

dp : Ep
p,0 −→ Ep

0,p−1

is an isomorphism.

This implies:

Theorem (Suspension)
If g is acyclic, then for every p the differential

dp : Prim(Hp(g/h,C)) −→ Indecomp(Hq(h,C))

is an isomorphism

In order to apply this, we need X with lgd(X ) acyclic . . .
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Proof of the main theorem, step one

Write Zn
+ = {(k1, . . . , kn) ∈ Zn : kn ≥ 0}.

Theorem (Acyclicity)
If n ≥ 1, then

Hp(lgd(Zn
+),C) = 0 ∀p > 0

and
Hp(lgd(Zn,Zn

+),C) = 0 ∀p > 0.

Remark In fact H∗(lgd(X ),C) = H∗(lgd(X ,Y ),C) for all
reasonable X and Y .

The proof of the theorem is an Eilenberg swindle argument that
is almost identical to the one used with John Roe and Guoliang
Yu on C∗(Zn

+). It originates in boundedly controlled topology
(work of Erik Pedersen et al).



21

Eileberg swindle and convolution of Lie algebra
morphisms

The convolution of two Lie algebra morphisms φ and ψ is

g
∆ // g× g

(φ,ψ) // g× g
µ // g

Lemma
If φ ⋆ ψ is the convolution of φ and ψ, then

(φ ⋆ ψ)∗ = φ∗+ψ∗ : Prim
(
H∗(g,C)

)
−→ Prim

(
H∗(g,C)

)
.

So when g = lgd(Zn
+), acyclicity may be proved by constructing

id∞ — something like the “infinite convolution product of the
identity with itself” — with (id∞ ⋆ id)∗ = id∞∗ .
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Proof of the main theorem, continued

Start with the excision isomorphism

lgd(Zn+1
− )/lgd(Zn+1

− ,Zn)
∼=−→ lgd(Zn+1)/lgd(Zn+1,Zn+1

+ ).

Since lgd(Zn+1
− ) is acyclic, the suspension and acyclicity

theorems give

Prim
(
Hp+1(lgd(Zn+1)/lgd(Zn+1,Zn+1

+ ),C)
) ∼=→ Prim

(
Hp(lgd(Zn),C)

)
But (by a much easier spectral sequence argument) the
quotient morphism

lgd(Zn+1) −→ lgd(Zn+1)/lgd(Zn+1,Zn+1
+ )

induces an isomorphism in homology since the ideal is acyclic.
Composing, we obtain the required isomorphism

Prim
(
Hp+1(lgd(Zn+1),C)

) ∼=→ Prim
(
Hp(lgd(Zn),C)

)
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Concluding remarks

▶ In summary, more or less standard methods in
homological algebra (well-that were known in the 1960’s)
produce a computation of H∗(lgd(Zn),C).

▶ We haven’t built it yet, but almost certainly there is a
Mayer-Vietoris sequence for the primitive part of
H∗(lgd(X ),C).

▶ This would give us a homology theory on (the open cones
of) compact polyhedra, and so, by Whitehead’s version of
Brown representability, a spectrum.

▶ In a different direction, it would be interesting to obtain a
characterization of the primitive part of H∗(lgd(X ),C) along
the lines of the Loday-Quillen theorem.
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Thank You!
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